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DESTNITION OF SYMBOLS 


M diagram -» the nwomeni diagram of a particular reaction 
| cz fixed end moment, divided by the modulus 
of clasticity, E, and also by the cross- 
sectional moment of inertia, I. 
L -- length of span in feet, 
h «-- rise in feete-distance from springing line to crown, 
w -- distance in feet from centerline to unit load. 


a -- distance in feet from one end of span to unit load, 
measured along the springing line. 


b -- distance in feet from other end of span to unit load, 
measured along the springing line. 


H -= horizontal thrust in kips. 

Me -~ Fixed end moment in kips at right springing, 
Mr, -- Fixed end moment in kips at left springing, 
Vp -~ vertical reaction at right springing. : 
Vi, *~ vertical reaction at left springing. 


K = Lf 
Li 


X, ¥, Z, == coordinate variable distances, in feet. 
7 = xs equation of parabolic arch, 
A -- area of M_ diagram of designating subscript. 
KI 
M' -- first moment about centerline of arch of M diagram 
of designating subscript, El 
MY’ -j- first moment of aro oetam of designating subscript 


about a line through the vertex parallel to the 


springing line. 
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Designating subscripts: 


p - refevtiing to composite M diagram of unit load 
ard vertical reactions, 


M, ~- referring to Ee “iaeres of fixed end moment at 
right springing. 

M, -- referring to M_ diagram of fixed end moment at 
left er. 


H -- referring to = diagram of horizontal thrust, 


c -~ distance in feet along X-axis from centerline of arch 
to centroid of us diagram of either fixed end moment. 
d -- distance in feet along X-axis from centerline of arch 
to centroid of composite M diagram of unit load and 
vertical reactions, El 
m-- distance in feet along Y-axis from vertex to centroid 
of M_ diagram of either fixed end moment. 
EI 
r-- distance in feet along Y-axis from vertex to centroid 
of composite M diagram of unit load and vertical re- 
actions. 
n -- distance in feet along Y-axis from vertex to centroid 
of we otagram of horizontal thrust. 
E 
k = h, ratio of rise to span, 
ti 
view, ratio of unit load off-center distance to length 
of span, 
Cy to Cy5 -= constants, 
I, -- cross-sectional moment of inertia at any point 
along the arch, 
I, -= cross-sectional moment of inertia at center of arch, 
OA.-- angle between tangent to working line of arch, and 
a line parallel to springing line. 
ds -- increment of length along the arch itself. 
dx -- increment of length parallel to X-axis ( along the 


springing line), 


R = fx? 4 12 N = Py we 
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OBJECT 


The object of this thesis is to find an exact sol- 
ution for the influence lines of the symmetrical fixed 
end parabolic arch, and to study the variations of these 


influence lines for arches of different spans and rises, 


It is also the object of this thesis to compare the 
time required for the solution of the arch by the exact 
method mentioned above and by the accepted approximate 


methods o 


Two general types of symmetrical fixed end arches 
will be considered: (1) Siow. with a cross-sectional 
moment of inertia that is constant, and (2) those with 
a cross--sectional moment of inertia that varies accord- 


ing to some particular function, 
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INTRODUCTION 


In attempting to find an exact solution for the par- 
abeolic arch, the principle of the conjugate structure 
will be cmployed, The conjugate structure method is a de= 
velopment of the first moment-area proposition. In the 
conjugate structure method, the real structure is laid on 
its side with the Mu diagrams of all the loads and reac- 
tions placed upon 3 re-oriented structure, 

The first step is to find the areas of the various 
M_ diagrams, and to place them corrcetiv upon the con= 
Mei structure. 

The second step is to find the location of the cen- 
troids of these areas. 

The third step is to write the equilibrium equations 
for this conjugate structure, and to solve these equa- 
tions for the three unknowns<-horizontal thrust, moment 
at the right springing, and moment at the left springing. 

To find the influence lines for the arch, each load 
point will be considered in succession. After determining 
the three unknowns mentioned above for each load point 
the influence lines can be drawn, 

Tne first phase of this thesis deals with arches 
whose cross~sectional moment of inertia is constant. Ex- 
act Sormulas for the areas and the centroid distances of 
the + diagrams will be developed, Then, having found 


ms 
the values of these areas and centroid distances, these 
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quantities will be used in a succeeding set of equations 
that will give directly the exact values of the horizon- 
tal thrust, moment at the right springing, and moment at 
the left springing. 

In eddition to the general method just described, 
which can be used to sclve any symmetrical parabolic 
arch having a constant moment of inertia, it will be 
shown that for arches having the same ratio of rise to 
span, (1) the horizontal thrust is the same, and (2) 
the value of the moments at the springing varies direct-~ 
ly as the length of span. 

The second and possibly more important phase of 
this thesis deals with parabolic arches whose cross- 
sectional moment of inertia varies according to some pare 
ticular functicn. 

This phase is considered to be more important than 
the first because of its wide application and the ex= 
treme simplicity of the method, 

The method of development in this second phase is 
basically the same as that for the arch having a con- 
stant moment of inertia, but the results are a set of 
three simple equations which give directly the value of 
the thrust and the two springing moments for any symmet= 
rical fixed end parabolic arch whoge cross~sectional mome 
ent of inertia varies the same as that used in this pa- 
per, Even for varying moments of inertia that differ to 
quite some extent from the one chosen here, the results 


will be accurate to within a few percent of the true value, 
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PART Is CONSTANT MOMENT OF INERTIA 


In order to fully understand the development of this 
solution, it will be necessary for the reader to under- 
stand the apoiication of the conjugate structure, The con= 
jugate structure, for 2 given real structure, is identi- 
cal, in the lengths of its members and their relative 
positions. to the real structure, It is considered to be 
positioned, however, so that it is located in a horizon-= 
tal plane with the loads of the M_ diagrams acting in a 
vertical dirsction. Z 

If there is no slope or deflection at the supports 
of the real structure. there will be no shear or moment 
existing in tne conjugate structure at those points. 

This latter condition obtains in the solution of the parae 
bolic erch, so that the only loads or moments acting on 


the conjugate structure are those due to the M_ diagrams, 


oa 
In order to place the M_ diagram correctly, the fol- 
BI | 


lowing convention will be adopted.e Any load or moment in 
the real frame that causes tension on the inside surface 
thereof is considered to result in an M_ diagram acting 

down on the conjugate structure, Any Al or moment that 
causes compression on the inside surface will have its 

M. diagram acting upward. 

. After having placed the diagrams upon the conju- 


gate structure, and since there is no shear or moment at 


the ends of the conjugate structure, it will be held in 
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Figs. 3, 4, 5, and 6 represent Figs. 1 and 2 with the 


arch in the horizontal position and the M_ diagrams 


E 
applied vertically. 
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always act downward on the conjugate structure, The hore 
izontal thrust will always tend to cause compression on 
the inside of the real structure, and consequently its 

ue diagram will always act upward on the conjugate struc» 
~ 

At this point it will be assumed that both of the 

- fixed end moments tend. to cause.tension on the inside of 
the real structure, resulting in M_ diagrams acting downe 

‘ward on the conjugate structure, alien for diliterent 
load points across the span, these fixed end moments may 
tend to cause either tension or compression on-the in» 
Side of the real frame. However, it will be pointed -out 
later that by assuming both fixed end mements will tend 
‘to cause tension on the inside, the solution will autoe# 

+ matically give the correct sign to be applied to the fie 
nal value of these moments, 

FINDING THE AREAS OF THE M_ DIAGRAMS. .The first 
step in the gencral cutee th to find the aneas oF 
the various M_ diagrams, To do this the calculus will 
be en, on a set of three coordinate axes will 
be chosen, and a parabolic cylincer placed in the verw -.- 

_ tical position, with its vertex at the common intersec~=~ 
tion of the three axes. The equation of -this parabolic 

“ @ylinder is y = x° where K os » "L" being the. length 
of span, and "h". being -the “al of the arch above the 

_ springing line. To find the area of the diagram shown 


-»rin Fig. 3, for the combination of the unit load and the 
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vertical reactions, a plane is passed parallel to the 
Y-axis and through the points ips) and (w,0,ab). Ano~» 
ther plane is passed parallel to the Y-axis abe 
the points (-L40,0) and (w,0,ab). This sketch is shown 
im Fig. 7. The area GS be said is that formed by the 
intersection of the parabolic cylinder, the two planes 
given, and the YZ-plane,. The distance from the center-~ 
line of the arch to the position of the unit load under 
consideration is "w", and the distances from each end of 
the span to the unit load are "a" and "b" respectivelye 
Hence, a2 L-w andbe=lL +4we 
be 2 

Since both "E" and "I" are constant in this arch, 
and they appear in the same way in every *. diagram, for 
the sake of simplicity they will be dropped in future 
calculations. 


The equation of plane 1 is: 


Za a ale = z 


The equation of plane @2 is: 


Zo = {L ~ w i x) 
\ f wi 


To find the area: 


L L 
(2 3 
Ay = | 24 ds -«- a. 1 =- x\ ds 
) 2 fF 
4 oW 


Ay = | t +*| e — i 5 (e+ x? dx 
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whore ds = increment of arc length = y ax” + ay” 
ds = > +)" dx 22 {Ky x® 
\V K y 4 


tien, Ay & (Z 4. w}2 1j| x K° + x? + Kin(x+ K+ x? 
e Keieya 8 A. 
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Then, A, (E+) |e fue - K° in afwt N 
a Ki 8 2 2b : 


Ww 
Similarly Ao = Zo as of. @wi/fl x} 2 .e Gz 
reef Ja (2 "(5+ 3) 2 /Et 


Integrating, substituting limits, and simplifying, the 


result is: 


Ay =fL - wil] LR,wN - _R° 4 en? - K m toed) 
/K Zz Ter? 2 





2 im OL 8 w+ N 
A. = AKA = Kon 4n° = Ro, K° 1 
ne a "Rs * BL o. © H4)] 
2 
= wN 4 K* ln 4/w wi" 
rl | 8 L~- ., 1 
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The next area to be found is that of the * diagram 
for the redundant fixed end moment on the okie end, as 
shown in Fig. 4- Again the calculus is employed, with 
the same parabolic cylinder placed as was done in find~» 
ing the area for the unit load. A plane is again passed 
parallel to the Y-axis, but through the points (LOM) 
and (220, 0) as shown in Fig. 8. 


The equation of the plane is: 


Zs - a G+) 
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me. Fo f,2 2 3 
Ave “me 4- X +£ in| 20 4. X ) tab (F +“)? 


2 


= Mp | LR , xk 1n(if R\ - kK an(a ~1L\\ 2Mp {R° » RO 

gr if ° 8 2 8 2 + sz \8 8 
Ay. = LR, K infR +L (2 
MR My |B + § "G+4)| 


Similarly, the area of the * diagram for the fixed end 


moment at the left end is: 


Ay. = M; | LR y K InfR+ L (3) 
me ele +E RLS) 
The last area to be found is that of the M_ diagram 
; El 


for the horizontal thrust, Again the same parabolic cyl~ 


inder is used, but this time a plane is passed parallel 
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to the X-axis and through the points (0,0,Hh) and (0,h,0) 
as shown in Fige Qe 


The equation of the plane is: 
2 


2 = hH - Hy = hH - Hx 
| K 


2 
Ay = fan - H x® e Key xe ax 
-L \ K K\/ 4 
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The areas of all the Ii diagrams have now been founds 
The second step is to oma he centroid distances of these 
areas. 
UNIT LOAD. For the H diagram of the unit load, let "a" 


equal the distance along the X-axis from the centerline 


of the arch to the centroid of the area shown in Fige 7e 


Then d sXe MS where Ms = first moment about centerline, 
a r L 
(2 Pp 6; ————— 

MI es xz de «= x/Lyw)fl- x) 2 a ax 

P }-L 5 = Tf!I1k\/4 
2. W 
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Mt s(L4.w\i_ (Rr5 - wo) -/L yw) 2 |tr® - wn? 
Pn" }e SK \ 8 B j IK 64 
/ a PQ a 
- Ke LR - wNy K* in Jig LI, 1 (x? - 3°) 
Ss Saree 3K : 








M? = wR° - wN° - wNK4wRK - K°ln “(x ue nt? wK° InfR 4 L (5) 
P 68K OCG i ie Kj 645 \Re= oT 
d#x-M . Equation (5) (Sa) 
= Equation (1) 
To find "r" - y of the centroid for the unit load 
diagram, vd 
» A? 
Ms! yz ds 
Pp p=’ 
L 2 
® 2 
M" ee 1-x\2 /K* 4+ x® dx 
” K \3 2 L)K/4 
W \ / 
W 
+) x®/p-w\f2, x\ 2 /x? +x? ax 
-L K \@ 2° LL} kK v4 
y) / 


Integrating, substituting limits, simplifying, and making 
the substitutions of N and R as above, the following 


result is obtained: 


Mi = LR = wend - p2r , wen, Ro - No - KL In/R + t) 
Z20Ke LOK2 Tes 16 120 T5 56 = L 
4. WKE in 4fw + N 2 
bys) on oe &) 


r=2xy-M' - Equation (6) (60) 
Bquation (1) 
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MOMENT AT RIGHT SPRINGING, To find the centroid of the 
M_ diagram for the springing moment at the right end of 
EI 

the arch, the same procedure is used as that employed 


for the centroid distances of the unit load M_ diagrams 


EL 
For “e* = x: L L 
2 2 % ~ 
Mi os xz ds -e x Me (24 Bye K? 4 x ax 
Mp R (27+ 2142 
i+ + \2 L}/ K\{4 


Integrating, substituting limits, simplifying, and making 
the substitutions of N and R as before, the following re- 


sult is obtained: 








a | 16K 3 64L (R= EL, | (7) 
c - X - Equation (7) + R® - K° (8) 
Equation (2) © 4TR »2Ke infr + 1\ 85 
Z at if 
et . =, w ie 2 
ror “m" = JY: Mite a yz ds 
a 3 
ro Be 
My," =M S71 hs ELS FE me dx 
Mp R Zi#e + 26€é = 
yh EVE THEY a 
PA 


Integrating, substituting limits, and simplifying, the 


following result is obtained: 


My" = My [IRS = oR = KR inR4+ 7, 2R° | (9) 
B j4aexe 8 16 R- L ISL | 
3 K 


m= y = Equation (9) -=L R “ #e L e (10) 
quation (2) 2 ek aR + eK’ InR+ Lb 10 ef 

MOMENT AT LEFT SPRINGING. In a similar manner, neglecting 

the sign difference for x, the equations for the centroid 


distances of the M_ diagram for the springing moment at 
BI | 


the left end are the same as those for the right end. 
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HORIZONTAL THRUST. To find the centroid distances of the 
M_ diagram for the horizontal thrust, the same procedure 
~ followed as that in the previous derivations. Since 
the thrust diagram is symmetrical with respect to the 


Y-axis, the value of x equals 0. To find jy: 


3 3 
néeye My" My" yz as = hel 2 [e+ x® ax 
Ty “, = % K /K,/4 


Integrating, substituting limits, simplifying, and making 
the proper substitutions of N and R, the following ree 


sult is obtained: 


a + $2) (u? ~ uRK? ~ x* infR - Le 13) 
| ( 64 tee ‘Boo ee - r 


n= My" = Equation (13) (14) 
Ag Equation (4) 


For the sake of convenience a list of the centroid 


distance designations is presented here, 


Letter designation Quantity Equation Noe 

d Xp (Sa) 

r Vp (6a) 

c XMp and *My, (8) 

m YMp and YMz, (10) 

n Vy (14) 
Having obtained all the areas of the diagrams, 


and expressions for the centroid distances of those areas, 
the third step is to place the diagrams on the conjugate 


structure, set up the equilibrium equations for this 
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conjugate structure, and solve these equations. Fige 10 
shows a plan view of the conjugate structure used when 
the unit load is placed at the center or to the left of 
center, Here, the centroids. of whe diagrams have been 
shown, with the areas themselves considered concentrated 


at those points, 


Y-Y 








X-X al 
In this case both the diagram for the unit load and 


that for the right springing cause tension on the inside 
of the arch and will act downward, The diagram for the 
horizontal thrust will act upward, since that force al~ 
ways tends to cause compression on the inside, 

An "X" indicates that the load acts downward, and a 
dot indicates that the load acts upward. The centroid for 
the diagram due to the moment at the left springing is 
left undesignated, because it is not known in just what 
direotion it will act, Both its magnitude and direction 
vary with the peattion of the unit load. However, this 
diagram will be assumed to act downward? then if the 
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result comes out positive, the pint springing moment 
is positive (tends to cause tension on the inside of the 
real frame). If the result comes out negative, the 
moment is negative (tends to cause compression on the 
inside of the real frame), 

Now the equilibrium equations can be set up. Taking 
moments parallel to the XX and YY axes, and through the 
centroid of Ay; the following equations are obtained: 


Myx = 0 Ayn (2c) + Ap (c = a) - Ay (c) =O. (a) 


Myy = 9 Ap (m - r) - Ay (m-n) = 0. (bd) 
Vo 20 Ayp + Ay + Ap = Ay = 00 (c) 
Transposing (b) Ay = Ap [mer (18) 
tien 


Substituting (15) in (a) and transposing: 


A - A = ~ 
me io(Ee gy 00 
a 


Sub, (15) and (16) in (c) and simplifying: 


(peg 4) (17) 


a m=-n 

Equations (15), (16), and (17) are the expressions 
for the values of the unknown moments and the thrust. 
At this point in the use of the method, everything on the 
right hand side of the equations is known, and the ex= 
pressions on the left hand side each contain one of the 
unknown values. These equations have been developed for 
a unit load at center or to the left of center, so they 
are VALID ONLY WHEN THE LOAD IS PLACED TO THE LEFT OF 
CENTER OR AT THE CENTER. When the unit load is placed to 
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the right of center, the right hand side of the equations 
remains unchanged, but Any, and AMy, must be INTERCHANGED 
iy FOUATTONS Ge) and (17). 

An example wiil be given to illustrate the procedure 
bo ba followed jin the solution of the parabolic arch 
Goeme: 2 10 foot span and a & foot rise, "with the wat 
ia Tiawe@ea one foot to the .6ft of center of the spain 


mo rioce@une iseas follows: 


f -algs h & @: won il? 
Ke L® «100 = 12.5 
4h 4X2 
—_— a 
Rs [x + LH = (156.25 + 100 = 16,0078 


or pf 2 em Be eee 


N = |e 4 wes 28628 p 1 
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6.5295 


1.4653 
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ns t F } ™ (OTE + 10 
is [6.0078 - LO 
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Ay, = MR feoeeats + 1205 (1.4653) | = 5,491 Mp 
4 Zed 


Since the numerical value of Avy = the numerical value 


eo 


of Attn » Ante = 5.491 My, 


y 
Ay = Hifd y 4o] [or 4 K° in/R 4 LY} - IR? (4) 
ee ef gy az Loe Tae oKe 
us E 
Ay = F(jk 4 4x2 7 [20x16.0078_, 156,25(1.4653)] » 10x16.0 O78" 
Bs aa 2655 3 _ “Sete. 
As — wey 7 EI 
To Pfand the centroid distances of there four areas, 
equations (5) to (14: will be used. 
Cc = RO ~ (8) 
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— ts + —Sax10 
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m =f Je = 10x1,782 = 0.7128 (10) 
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r= 1 fr08x16.0078°~ 1%x6.3295° = 10°x16,0078 
12.605] 320x156 525 TOrl56.25 128 


12x6 63295 416.0078" = 643295" ~ 156,25x10(1.4653) 
72 tae “+ # = woe 


1xiss.25(0.8177) | 
I28 


+ 


r = 4.6533 3 013692 
. 
Knowing the values of the various areas and centroid 
distances, the last step is to substitute these values in 


equations (15), (16), and (17). 


Ay = Ap ye) 14.137H = 12.605 (728 =23692} (15) 
mn V71D8 244550 
H = 12.605 (1.1938) = 1.064 H = 1,064 
146137 
i 2 8, @a. d- 1) (16) 
MR = (ae +S 


Mp 2 0.4467 
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Ay, ® tp ( Bx a ) (17) 
5.491 M, - 0€ OD ce waa = 1\ 
ae f Pree i 
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My, = 0.0011 

Hers it is seen that My; in negative, showing that this mome 
ent tends to couse compression on the inside of the real 
structure. 

When the unit load is placed one foot to the right 
of center: "EB" is the same as for the example ivove, but 
the valiuss of AY and AM; must be interchanged, so “hat 
for the unit load in this new position, the correspon~ 
ding values are: 


H z= 1,064 Mp -9,0011 My, « 0.4467 


1} 


To find the values of H, Mp, and M;, for the remaine 
ing points on the span, the same procedure is followed, 
substituting the proper value of "w'' in each case. Howe 
ever, for each new load point only one of the areas and 
two of the centroid distances must be recomputed, in 
addition to the three final equations, 

If it be desired to find the influence lines by 
using ten points, as is often done, the above procedure 
4s required for only five of the points, since the values 
for the symmetrical points can be found by interchanging 
MR and My as was shown in the example. 

This, then, completes the derivation and application 
of the general method of solution for parabolic arches 


whose cross«sectional moment of inertia is constant. 
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RELATIONSHIPS BETWEEN ARCHES HAVING 
THE SAME RATIO OF RISE TO SPAN 


For arches having the same ratio of rise to span, 
certain relationships can be developed which will save 
a great deal of time in the solution of a series of are 
ches. Using the same equations as in PART I of this 
thesis, and keeping the ratio of rise to span constant, 


the following simplifications can be made$ 


Let k =h , the rise to span ratio, in this case constant. 


L 


Let v = w, where "v" is a constant indicating the 
L 
Load point; i.e., 0,1 the span off center, 0:2 
off center, etc. 
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The values of the constants 0, to Cy, can be computed 
if desired, but the only point of interest to be noted 
here is that they are constant values for the same load 
point on arches having the same ratio of rise to span. 
All constants to be used in the following discussion 
will simply be noted as Cy» Cg » etCe 

Substituting the above values in the equations of 
PART I, the following simplifications are made: 
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In Eqtn,. (3} by a similar simplification, Aus = LCgMy, 


In Eqin. (4) Ag =H E - 3 [Pr aa) “ LxLPcy # HL°C,, 
L S ee 
vin Sek?! ang 
I6k 


For the equations having to do with the centroid distances: 
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Now, applying the above simplifications in the final 


equations, the following results are obtained: 
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The last three equations bring out the important 
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conclusions that for the same load point on arches having 
the same ratio of rise to span, (1) THE VALUE OF THE HOR 
IZONTAL THRUST IS CONSTANT, AND (2) THE VALUE OF THE 
SPRINGING MOMANTS VARIES DIRECTLY AS THE LENGTH OF SPAN, 
For example, if the moment at the right springing on 
an arch 107 in span and having a ratio of rise to span of 
0.20 is 0,447, then the moment at the right springing on 
an arch with a span of 20? md ratio of rise to span of 
still 0,20 is 2x0.447 OR 0.894, providing the same load 


point is considered, 
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PART IIT ¢ VARYING MOMENT OF INERTIA 


In this section the same principles and general proe# 
cedure are used ws those round in PART I, However, in this 
case, the arch has a cross-sectional moment of inertia 
that varies according to a specific function. Fig, 12 
shows that the moment of inertia of the cross-section of 
this arch at any point is equal to the moment of inertia 


at the center times the secant of the angle "alpha", 





I. ~ I, sec of 


Fige 11 


Again the modulus of elasticity, E, will be dropped 
in calculations, since it appears in the same way in all 
equations, and consequently cancels out. However, the mome 
ent of inertia must be carried along because it is a vary= 
ing quantity. 

To awginre the expression for the moment of inertia 


at any point the procedure is as follows: 
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The orcinates o* the lL. diagram: are exactly the same 


as chese Low Th... gaeer 6: ax ccnstant moment cf inertia 
in PART 7. Henre the «quavions of all the planes thav 
were pas30od theough the prurabolic cylinders in the devel» 
opment of PART I remain unchanged. The only difference 
from the development in PART I is that in the development 
to be shown now, the moment of inertia will appear in all 
of the preliminary equationSe 

The first step again is to derive equations for the 
areas of the ee a diagrams that are to be applied 
to the conjugate structure, 


Referring to Fig. 7, and using the same terminology 


that appears there, the equations of the two planes are: 
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Referring to Fig. 8, the area for the * diagram of 
il 
the springing moment at the right hand end will next be 


found. The equation of the plane is: 
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Similarly, the area of tne Giagram for the moment 
is 


at the left hand springing is: 


AM, 4 My, L (23) 
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Referring to Fig, 9, the area for the M_ diagram oi 
BI 
the horizontal thrust will be found. The equation of the 


plane is: 


Ay = 2H /hL =~ nl\ »# 2 BhL (24) 
H = (= =) = "ae 


Step two in the development of the method is the dere» 
ivation of equations for the centroid distances of these 


four areas. The prcoce.Jure is as follows: 


UNIT LOAD. For the M_ diagram of the unit load, "da" is 
EL 
the centroid distance along the X-axis, and "r" is the 


centroid distance along the Yaxis, 
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Integrating, substituting limits, and simplifying, 
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To find the centroic. distance along the Y-axis: 
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Integrating, substituting limits, and simplifying, 
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the result is: _h | Lt w') 
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MOMENT AT THE SPRINGING. For tne at diagram of the moment 
at the right springing(and also for the left springing) 
"co" 4s the centroid distance along the X-axis, md "m" is 


the centroid distance along the Y-axis, 
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c= Mie = 4 . sasen (hes) 


Integrating, substituting limits, and simplifying, 
the result is: Mp L? 
es 12Ie = L (27) 
MRL 
eI 


To find the centroid distance along the Y-axis: 


is L 
- 3 Vo} . 
mse My sl yz ds = 1 Mp x*fl , x\ dx 
Rs bap -—L = z( will 9 
Aye MR) “2% in 


Integrating, substituting limits, and simplifying, 
the result iss 
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ms 6Ic = h (26) 
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HORIZONTAL THRUST. For aa diagram of the horizontal 
B&B 
thrust, the centroid distance along the X-axis is 0, and 


the centroid distance along the Y-axis is "n", 


3 3 
Nes Me zs l 2 yz ds we Pe H [in ~ x”\ax 
ie Ay Ay K cl K 
H 0 O 


Integrating, substituting limits, md simplifying, 


the result is: 2HheL 


Cc 


Se) fay 


2HhL 
o Cc 


The third step in the development of the method is 
the substitution of the values for the various sreas and 
centroid distances in the equilibrium equations that ree 
sulted from the conjugate structure, Since the solution 
of the conjugate structure equations is the same whether 
the moment of inertia is constant or varying, equations 
(15), (16), and (17) will again be used heres The simpli~ 
city of the expressions for the arcas and the eentroid 
distances allows direct substitution of them in the 


equilibrium equations as follows: 


(15) Ag = Ay (mz) 
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Substituting the proper expressions: 


c a (H + a 
2 UhL =1 Ae: 2 \ 4 | 
SI, 21¢ heh 
ov 8 
‘"e(F +") 
Heo ae = wal te \4 
4hL | 4 s.r 
” a 
Letting v = 3 
i Oo (uF ¢ eu?) | 
H + 2. | 2 = wr Le\4 
4h 5 
T5 2 
H = 15L] 1 = v’ + 2v4 (30) 
6h | 8 


To find the equation for the moment at the right springing: 


(16) tip = Ap (ary a= 2 ) 





h = gh 4 wy 4 
2 3 zre\ 4 
MeL sili 1 FE - we HE, AS -=1) 
$i, 2Ie] 4 h-h “ | 
L. = 6 
Substituting v = w and simplifying: 
i 
Mp = E[ pty 5 = a0 + rov4 | (31) 
4 
L 


To find the equation for the moment at the Left springings 


(17) AM = A m=r - d= 1) 
= men Cc 


Substituting the proper values as above, and simplifying: 


Mr oe | peat teeringonalt | (32 } 
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Formiias (30), (71), end (32) then are the actual 
equations cf tix inti uence Lines for the horizontal thrust 
and springing momantc. Again caution is called to the fact 
that equaticns (31) and (42) are VALID ONLY WHEN THE UNIT 
LOAD JS PLACED TO THE LEST OF CENTER OR AT THE CENTER. 
When tne load is to the right of center, INTERCHANGE 


Mp and M, in equations (31) and (32). 


LF 

These three equations can easily be converted to a 
form containing only the quantities "L" and "w" by sube 
atituting ¥ for "vi However, when dealing with ten load 
points, ss is often the case, "v" becomes Oel, 062, Oedy 
0.4, and 025 in succession, attording convenient numbers 
with which to work, | 

Only five points, or half the span need be computed, 
since the values of "H" are symmetrical about the centere 
line, and the values of Mp and M, are merely interchanged 
for the values of the springing moments on the opposite 
Side of the spans 

If it be desired to work out the values of the influe 


ence line ordinates from one end rather than from the céene 


ter, the following expressions can be useds 
|. banee 





H = 15 bu“(1-u) 
ra 


My = be (7u-5u-=2) 
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Man a bu“ (3-5u) 
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where us a and M, is on the same side of the centerline 
L 

of the arch as "a'l, Again these equations are valid only 

for one half of the span, and the proper range must be 


used, as shown in Fig. 12. 


RELATIONSHIPS BETWEEN DIFFERENT ARCHES 


In PART I, it was shown that certain relationships 
exist between arches having the game ratio of rise to spans 
However, with the moment of inertia varying as assumed in 
PART II, it can be easily seen that for the same load 
point (1) THE THRUST VARIES DIRECTLY AS THE LENGTH OF SPAN 
AND INVERSELY AS THE RISE, and (2) THE VALUE OF THE SPRING= 
ING MOMENTS VARIBS DIRECTLY AS THE LENGTH OF SPAN, REGARD«& 
LESS OF THE RISE. 


CONSTANTS FOR THE UNIT ARCH (Ix # Ig seco ) 


Load Fixed End Moment 

Point Right Left Thrust 
1 »~91125L ~ .06073L 20304L/h 
2 s03200L =~ .06400L 20920L/h 
> 04725L -.03675L o1652L/h 
4 »04800L 00000 02160L/h 
5 O3125L 03125L 02344L/h 
6 00000 204800L e2160L/h 
7 -,03675L 004725L wi652L/h 
8 -.06400L 203200L ~0920L/h 
9 -.06073L e01125L 20304L/h 
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APFLICATTONS OF VARYING I FORMULAS 


For given rise to span ratios, the unit values of 
H, Mp, and MM as computed for a parabolic arch having a 
cross-sectional moment of inertia that is constant, are 
compared with the values for an arch having a moment of 
inertia that varies according to the same function as 


that used in this thesis, 


Rise | Load My, 
to Point 4 ° — Conse VERT: call Const. Vary. 
Span ik I 


a nwmmiuaegiéoseeeseis 3. == ss. = «® bane ee ot | | 


SelO0 SehO  ,OH87 50480  .0008 2908p 

$wS6 860 5G O90 «6g ORE7 60820 8 86mOsd7 

L 0.39 Om 0118 0183 =—0600 =, 0605 

ZL Ln@l 1.20 00326 =,0320 -.0627 -.0640 

Q. 08 3 2.07 Va Oy | ©OL77 0473 -.0354 = 0367 
L, 2./0 eee 9484 0180 «0010 «0000 

2 ae93 2998 703380 «CON7y mO210 8 m0oey 

A 0.16 0.15 034.77 mer? ®. ~.0589 -.0605 

0.20 2 0,83 0,83 20460 40473 -.0334 -.0367 
L, 1.07 1,08 20463 0480 20013 « 0000 

5 1.16 deel] 60303 .O03n7 ~ 0303 mae pL / 

L Oeil. 0.10 00116 ,0113 -.0579 -.0605 

2 0.33 0.32 .0308 .0320 =-.0585 =,.0640 

0.30 3 0655 0455 00440 0473 -.0321 -,0367 
L, 0.71 0.72 eOh34% 0480 e001L2 29000 

5 0.76 0.78 0262 ‘gO3117 20282 0317 
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Comparing the -elues resulting from the solution with 
the consteont i with those from the variable I, it is seen 
that for rise to span ratios up to about 0.20 the values 
from the two sources check within 5% From this infor~ 
mation, it can be concluded that using the simple equa» 
tions for the variable I, reasonably close design values 
for the thrust and the springing moments can be obtained 
with practically no effort at all. Above 0.20 and up to 
about 0.40 the values of the thrust check within 3%, so 
these values can be used with reliance, Above 0.20 the 
values for the springing moments show quite a variation 
from the true values, so that the designer who wishes to 
work close to his allowable stress, should use the exact 
solution outlined in PART I of this thesis, 

A second valuable application of the short formulas 
(30), (31), and (32) is that they can be used to obtain 
a close check on work with parabolic arches whose moment 
of inertia is constant. 

A third application of these formulas lies in the 
exact solution parabolic arches whose moment of inertia 
varies according to the same function as that used in 
this paper. Since many arches are of this character, 


this application may prove most valuable. 
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CONCLUSION 


The exect solution developed in this thesis repre- 
sents a new method of attack in the solution the parabolic 
arch, Previous methods made use of the various approxi- 
mate solutions, lengthy and tedious in their application, 
This approach, together with the equations given, per~ 
mits a comparatively rapid solution for the required 
influence lines, and one that is exact as well, 

When dealing with an arch whose moment of inertia 
varies such that I, 2 I, seo of, the same function as 
that used in PART II of this thesis, the solution be~ 
comes extremely simple and rapid, 

In addition to the formulas for the arch with the 
varying moment of inertia, a table of values for &@ span 
of unit length and unit rise has been included, so that 
the exact values of the thrust and springing moments can 
be obtained merely by applying these constants to the arch 
at hand. 

It has also been pointed out that the short fore- 
mulas can be employed to check the values as obtained 
by another solution, to obtain directly values within 
5% of the exact ones when the ratio of rise to span is 
less than 0.20, and to obtain directly from these for- 
mulas the value of the horizontal thrust for an arch of 
constant I within 3% of the true value when the ratio of 


rise to span is 0.40 or less. 
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With the basic epprouch as outlined in this Peed. 
there is fursher work that can be done in the complete 
development of the exact method of solution for arch 
structures. 

The authors suggest the following subjects for 
future theses: 

(1) The exact solution of the unsymmetrical parabolic 
arch, with (a) constant moment of inertia, and (b) vary- 
ing moment of inertia. 

{2) The exact solution of the symmetrical (and unsym- 
metrical) arch with moments of inertia that vary accord- 
ing to functions different from the one used here, and 
the comparison of results with those given here, 

(3) The exact solution of elliptical arches. 

In the opinion of the authors the exact method 
as developed in this thesis opens a new field of approach 
in the solution of indeterminate structures whose present 
approximate solutions are lengthy and laborious. It is 
Sincerely hoped that further development along these lines 
will shorten and simplify the solution of many indeter- 


Minate structures, 




















emetic Om HH ee i 
.—— ~ | é = « | 
— ,™=\~— l= . - —?_, . 


— —ie 

ee ec ee oll i o@ 
i 

whe oy hai meiinie Sv Ie otis ome 1 Oi | 
Se) a ee 
i 

cers 00) Leyes ow ve tev eet eu) eee 
Se Be ee 
[ene 6k ee Tle es OT 

Se ee ee 
een ee ——_" 1 

alee tere of Wee OT ee Oe | 
Ciemeetied Se 11K) hee Gece Wine eu Ay beet 
Pere See HOS) de ee eee me 
a a mm Pe ee lol 
el eee eo 
et ae Oe eee ee lee 
ae |) 






































Thesis 7490 
I7 Iselin 
A development of an 
exact method for the 
soulution of symmetrical 
fixed end parabolic 
arches. 





